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THE DYNAMIC PLASTIC BEHAVIOR OF
SIMPLY SUPPORTED SPHERICAL SHELLS

N. T. IcH and NORMAN JONES

Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

Abstract—A theoretical study has been undertaken into the dynamic plastic response of simply supported shallow
and deep spherical shells subjected to exponentially decaying pressure pulses. The shells were assumed to be
made from a rigid perfectly plastic material and exact solutions were obtained for three approximate yield

conditions.
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D, Po» Ps RP/N,y, RPy/N,y and RP,/N,, respectively
’_’ Po—Ps
rz coordinates defined in Fig. 1(a)
s S/No
Uy, Uy normal and meridianal displacements defined in Fig. 1(a)
v, w uy/R and u,/R, respectively
vy, Wy final values of v and w, respectively
X,y r/R and z/R, respectively
2H shell thickness
My, N, oo,H? and 20,H, respectively
My, My, Ng, Ny Bending moments and membrane forces defined in Fig. 1(b)
P external pressure defined in Fig. 1(b)
P, maximum value of an exponentially decaying pressure pulse
P, static collapse pressure
R base radius of a shallow shell as shown in Fig. 1(a) or radius of a deep spherical shell
S transverse shear force defined in Fig. 1(b)
z total depth of a shallow shell
z 2Z/R
20 subtended angle of a deep spherical shell
pR?
Y 2
NOTO

0,¢ circumferential and meridianal coordinates of a spherical shell
Ko Kg Mky/N, and Mgk, /N, respectively
u Z/(2H)
¢ 2Zx/R
p surface density of shell material
G, tensile yield stress
T t/T,, where t and T, are actual time and reference time, respectively
7, t,/ Ty, where t, is duration of motion
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742 N. T. IcH and NORMAN JONES

INTRODUCTION

A sTuDY was made in reference [1] into the behavior of a rigid perfectly plastic shallow
shell of degree n > 2 which was loaded with a uniformly distributed static pressure. Exact
theoretical solutions, according to the limit theorems of plasticity, were obtained for the
three approximate yield conditions shown in Fig. 2, when the outer boundary of a shell of
second degree was either simply supported or fully clamped.
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FIG. 1. (a) Shallow shell. (b) Stress resultants for a shallow shell.
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In the first part of this article an investigation is conducted into the response of a
simply supported rigid perfectly plastic shallow shell which is subjected to a uniformly
distributed pressure p = p, e~ . The peak value of the dynamic pressure (p,) is larger than
the corresponding static collapse pressure (p) which was obtained in reference [1].
Theoretical solutions are presented for shallow shells which are made from materials
which obey the two moment limited interaction, uncoupled square and uncoupled diamond
yield criteria shown in Fig. 2.
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FiG. 2. (a) Two moment limited interaction yield conditions. (b) Uncoupled square yield condition.
(¢) Uncoupled diamond yield condition.

The dynamic plastic behavior of deep spherical shells is studied in the second part of
this article. These shells are simply supported around the boundaries and are acted on by

T

a uniformly distributed pressure p = poe™ "
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BASIC RELATIONS

It was shown in Ref. [1] for rotationally symmetric shallow shells which undergo
infinitesimal displacements that

Xég = D—Y'W, €y =0 —y"W (1a, b)
xkg = —h(W+y"0), k4 = (xKe) (2a, b)
and
V'xng+ yng+(xs) +xp = xyw (3a)
(xny) —ng—y"xs = xyi (3b)
xs = h{(xmg) —my] (3c)

when normal loading (p) only is considered and provided rotary inertia is neglected.

DYNAMIC BEHAVIOR OF A SIMPLY SUPPORTED SHALLOW SHELL

The response of a shallow shell with a surface of revolution of second degree, which
may be a shallow spherical, paraboloidal, ellipsoidal or hyperboloidal cap, is now exam-
ined when it is subjected to a uniformly distributed dynamic pressure

p=pee " 4

where p = RP/N,, py = RP,/N, and 7 =1/Ty. It was shown in reference [1] that
y = Zx"/R for a shell of degree n, where Z is the total depth of a shell. Thus,

y = Zx*/R (5
for a shell second degree.

The dynamic behavior of a shallow shell which is made from a material which obeys
the two moment limited interaction yield condition shown in Fig. 2(a) is examined in
Section A(a). It transpires that this particular analysis is valid for pressures which lie
within the range 0 < p < 1-2h. However, it is shown in Section A(b) that the range of
validity of this solution can be extended for pressures up to 64 when two additional plastic
zones are allowed to develop in the shell. A shell then contains three distinct regions each
of which is governed by a different portion of the yield condition. The range of validity of
this theoretical solution is further extended in Section A(c).

Theoretical solutions are then presented in Sections B and C for the uncoupled square
and uncoupled diamond yield criteria which are illustrated in Figs. 2(b) and 2(c), respec-
tively.

A. Two moment limited interaction yield condition

(a) Low pressure range 0 < p < 1-2h. It was shown in Ref. [1] that the régime 5-7 of
the yield surface illustrated in Fig. 2(a) can be used to give the exact static collapse pressure

4Z

If the peak value (p,) of the dynamic pressure is slightly larger than the corresponding
static collapse pressure (p,) then it is anticipated that the whole shell will again collapse in
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the regime 5-7. Thus, the normality requirements of plasticity demand é, = k, = 0, or
t=yw and Ww+y’d = constant. (7a,b)
Equations (7a, b) have the solution
W= wWy(l—x) and o= 2Zxwy(l—x)/R (8a,b)

when using the shallow shell approximation and the kinematical requirements at x = 1
and where W, is a function of time.

The equilibrium equations (3a, c) for the yield régime 5-7 (ie, ny, = —1, my = 1) can
be written
(x5) = xyWwo(l —x)+2Zx/R—2Zxn,/R—xp (9a)
ng = —1—2Zxs/R—2Zx*ywy(1 —x)/R 9b)
and
xs = h[(xmy) —1] (9c)

when using equations (5), (8a) and 8(b). If equation (9b) is substituted into equation (9a)
and the result integrated then it may be shown for a shallow shell that

xs = —(p—4Z/R)x*/2+pWo(x?/2 — x?/3) (10a)
and
ng = —1+2Z{(p—4Z/R)x*/2 —ywo(3x2/2—4x3/3)}/R (10b)
which allow equation (9¢) to be integrated
my = 1 —(p—4Z/R)x*/(6h)+ ywo(x? — x3/2)/(6h). (10¢)

Now for a shallow shell with a simply supported edge, m, = 0 at x = 1, so that equation
(10c) gives

YWo = 2(p—py) (11a)
or,
Wo = 2{po(1—e~7)—p,1} (11b)

when using (4) and the initial condition wy = 0 at 7 = 0. The motion of a shell ceases
when yW, = 0 and the corresponding duration of motion () is

po(l—e ¥)—ps1, = 0. (12)

If equation (11b) is integrated, then using (12) and wy = 0 at T = 0 it may be shown that
the permanent transverse displacement is

yw, = 2{pt, — p,i}/2} (1 —x) (13)

while the permanent tangential displacement (yv;) is 2Zxyw,/R. The total inelastic energy
absorbed by a shallow shell throughout deformation is

k43 1
E, = 2aR?N, f pdr f wx dx (14a)
0 0
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or
Ea = 2nR2N0psTf(ﬁ_pstf/z)/(3y)' (14b)

It is necessary to show that the above solution is kinematically admissible (ie., é, <0,
ks = 0) and statically admissible (ie, 0 <my, <1, —1 < ny < 0) in order to be exact
according to the theorems of plasticity for the yield surface selected. The kinematical
requirements are satisfied for a shallow shell while the static requirements demand [2]

p<12h and 12h+py—p(l+1,) = 0. (15a,b)
If a shallow shell is subjected to a rectangular pressure pulse i.€.,
p=py, for0<t<1 and p=0 whent=>1 (16)

then a solution can be obtained with the same yield régime and velocity field which was
used in the previous case. Thus, equation (11a) gives

e =2pr If0<1<1 (17a)
and
yWo = 2(po—p,t) whent > 1. (17b)
Clearly wo = 0 when 1, = po/p, which may be used to show that the permanent transverse
displacements are
YWy = Polpo/ps—1)(1 —x) (18)

while the permanent tangential displacements (yv,) are 2Zxyw,/R. This solution is kine-
matically admissible for 0 < t < 7, while the static requirements demand [2]

_ 0<p<12h and p,<12h (19a, b)
The inequality (19b) can be rewritten with the aid of (6) in the form 4Z/R < 6h or
Z < 3(2H)/8. (20)

This latter requirement for a rectangular pressure pulse is very severe since the height of a
shell must be less than 3 of it thickness.

(b) Pressurerange 1-2h < p < 6h. If the static admissibility requirements outlined above
for exponential pressure pulse loading (4) are examined in detail then it is observed that
ng <0 at x =0 when p > 1-2h. This suggested that the response for higher pressures
could be obtained when employing the yield régimes E-7 and 5-7 for the shell regions
0 < x <uand u < x < 1, respectively. However, although this procedure gave a statically
admissible solution, it was found to be kinematically inadmissible for the region 0-8u
< x < u. The shell was studied finally using the yield régimes E-7, 4-7 and 5-7 for the
shell regions 0 < x < u,, u; < x < u; and u, < x < 1, respectively.

(1) 0 < x < u,. It can be shown when using equation (5) that equations (3a) and (3b)
with n, = n, = —1 can be arranged to give

yb = —2ZY/(Rx) and yw = Y'/x+p—4Z/R (21a, b)
where Y = xs. The flow rule requires &, = 0, or

W +yo = Coly (22)
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where C, is independent of x but may be a function of . If equations (21a) and (21b) are
substituted into the time derivative of (22) then

a’y R3¢,
2 ar  ay _ 0 23
CaET édé Y=g 3
where ¢ = 2Zx/R and Y = dY/d¢ = 0 at £ = 0. Equation (23) has the solution [2, 3].
€,R? ¢ ¢ i .
Y= YA {—C+511 fo Kydn+£EK, L Iydny +C &L+ CyEK, (24)

where I, and K, are modified Bessel functions of the first and second kind of order n,
respectively. Now C, = Osince Y = 0 at & = 0. Thus, using equations (21a, 21b and 24)
and the initial conditions w = w = v = § = 0 at t = 0 gives

) C 47%C,1
= — 2"2{ 1+1, f Ko(n) dn+1<f }—Tﬁ (25a)
and
4Zt C,R 4Z*C,1
W = po(l —e _r)—”R_T ° (Iof Kodn— Koj Iodﬂ) "_RCZL‘O (25b)

with Co = C, = 0 at t = 0. Equation (3c) may be integrated with the aid of (24) and
my = 1 to give

YA

J Kol { f Ionl)dm} fo Io(n){f:Ko(nodm} dn]ml jjnll an. (26)

It can be shown [2] when using the shallow shell approximation (¢2 « 1) and the expansion
of I, and K, given in Ref. [3] that equations (24, 25a, 25b and 26) become

CR?: 2
hémy = hé+—2 [ 5+510f Ko dn— gKOJ I,dn

xs = x2(2Z2C,/R*+ Cyx/3) (27a)
yo = —2Zx(2Z*C,/R*+Cox/3)/R (27b)
W = pol(l — e ) —4Z1/R+4Z*C,/R*+ Cox (27¢)
and
hxm, = hx+2Z2Cx*/(3R?)+ Cox*/12 (27d)

for a shallow shell with y'> = (2Zx/R)* = ¢* « 1.
(i) 4, < x < u,. This part of a shell is in the yield régime 4-7 for which n, = —1,
my, = 1,¢é, = 0and ©, = 0. Thus,

¢ —vw=0 and w+y't= Ay (28a, b)
where A4 is independent of x but may be a function of t. Equations (28a and 28b) may be

solved to give

v0 = (A+ZB)/Z +Zx(C—ZBx/2) (29a)
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and
w = C—ZBx (29b)

when using the shallow shell approximation and where B and C are unknown functions
of 1.

The equations of motion (3a-3c) with ny = —1 and my = | can be solved with the
aid of (5) to give

xny = Z *A+D+(ZE+1-pZ ')x+(B—Z*D)x?/2

+Z(3C - Z*E)x*/6+ ZHZ*D — 6B)x*/24 (30a)
xs=E—-Z*)—(Z2A+ZD)x+(C~-Z*E)x?)2
Z(Z*D-3B)x%/6 (30b)

and
hxmy, = F+Z ' D—Z3B+(h+ E—Z720)x —(Z 72 A+ Z)x*/2
+(C—Z2E)x*/6+ Z(Z*D —3B)x*/24 (30c)

when employing the shallow shell approximation and where D, E and F are unknown
functions of time and

Q = po(l—e™)—(p,—6h)t (31a)

or

Q = p—p,+6h. (31b)

(i) u, < x < 1. The analysis for this part of a shell is similar to that for the low pressure

range considered in Section A(a). Thus,

w = K(x—1), yo = Zywx (32a,b)
ng = —1-Z{G—h—(BK+Q)x?/2+4Kx3/3} (32¢)
xs = G—h—(K+0)x*2+Kx*/3 (32d)
hxm, = K/12+ (/6 —G(1 —x)— (K + 0)x3/6 + Kx*/12 (32e)

where G and K are unknown functions of time.

Now equations (27a~d, 29a, 29b, 30a— and 32a-¢) contain the 10 unknowns C,, C,,
A, B,C, D, E, F, K and G which together with the two unknowns u, and u, can be deter-
mined from the continuity of ny, my, s, 5, w and W' at x = u, and x = u,. It should be
noted that ' cannot be discontinuous at x = u; and x = u, since |m,| < 1. It is observed
[2] at © = 7, which is given by

po(ll—e ")—p,t,—12ht, =0 (33)

u, = u, = (). Thus, the above theoretical analysis is valid during a first stage of motion
(0 < 7 < 7;)and it is therefore necessary to consider a second stage of motion (1, < 7 < 1/).
However, the analysis of the second stage of motion (t; < t < 1) is similar to the low
pressure case A(a) except that the initial conditions now correspond to those at the end

that the collapse régime 5-7 of the zone u, < x < 1 has spread to the entire shell (i.e.,
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of the first stage of motion when 7 = 1,. Therefore, equations (8a, 8b and 11a) remain valid
for 1, < 1 < 1; and may be solved to give

W = 2{po(l —e™ ")~ p,r}(1 ~x) (34)
when matching the velocity w, at T = 7, with equation (27¢) and using
Co= —2{po(l-€")—ps} and Z>C, = po(l—e ")—pr—6ht

which were obtained from the continuity requirements at x = u, and x = u,. The motion
of a shell terminates when w = 0, or

poll—e " ")—p, = 0. (35)

The permanent transverse displacements and the energy absorbed during deformation are
again given by equations (13) and (14b).

It has been shown in Ref. [2] that the above solution is kinematically and statically
admissible provided

p<6h and 12h+pye ¥—p, > 0. (36a, b)

Equation (36b) has been examined numerically and found to be satisfied for a range of
pressures p < 6h and for shell heights varying from 1 to 5 times the shell thickness.

(c) Pressurerange6h < p < Ah. A shallow shell which is subjected to a dynamic pressure
pulse in this range collapses into the four regions 0 < x < uy, 4y < x < U, U; < x < U,
and u, < x < 1 which are governed by the yield régimes E-H, E-7, 4-7 and 5-7 of Fig.
2(a), respectively.

It is straightforward to show in the region 0 < x < u, that

w=0 or pw=20 (37a,b)

where Q is defined by equation (31b). The equations of equilibrium and flow rules for the
remaining three regions are the same as those in the corresponding three zones in the first
stage of motion of case A(b). Thus, the analysis of these regions is very similar to that
outlined previously provided due account is taken of the boundary conditions at x = u,.
The various constants of integration which appear in these equations can be determined
from the continuity requirements. This first stage of motion is completed when u, = 0 at
T = 74 where

po(l —e™ ™)~ p,1o—6hty = 0. (38)

The second (75 < © < t,) and third (r; < 1 < 7/) stages of motion are respectively similar
to the first and second stages in case A(b). The maximum transverse displacement is
YWo = 2PT, — py1f +(ps +6h) (14 16/2)70 — PoTo (39)
where
po(l—e ¥)—psr, = 0. (40)
It is shown in Ref. [2] that the solution outlined above is kinematically and statically
admissible for a shallow shell provided p—p,t,+12h > 0 or p < Ah. The largest admissible

peak value (p,) of the exponentially decaying non-dimensionalized dynamic pressure is
shown in Fig. 3 (A = poy—p,).
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FIG. 3. Static collapse pressures of simply supported shallow shells and upper limits of the peak values
of the dynamic pressures
P, static collapse pressures for yield surfaces in Fig. 2(a) and 2(b)
Psp static collapse pressures for yield surface in Fig. 2(c)
Pou- Pos- Pop  upper limits of peak values of exponentially decaying dynamic pressures for yield
surfaces in Figs. 2(a). 2(b) and 2(c), respectively.

It is evident that a theoretical analysis of a shallow shell which is subjected to a
dynamic pressure p > Ak would involve at least 5 different yield régimes and four stages
of metion. Thus, the dynamic behavior of a shallow shell is explored further when using
the two simpler yield surfaces illustrated in Figs. 2(b) and 2(c).

B. Uncoupled square yield condition

It was shown in Ref. [1] that the collapse pressure of a simply supported shallow shell
is the same for cither of the two yield conditions illustrated in Figs. 2(a) and 2(b) (ie.,
equation (6)). Moreover, when 0 < p < 1-2h then the whole shell lies in the yield régime 4-5
so that the behavior i1s again described by the same equations and results which are given
in Section A(a). If 1.2h < p < 6h, then the yield régimes C-5, 3-5 and 4-5 can be used
for the zones 0 < x < u,, u, <x <u, and u, < x < 1, respectively. Thus, again the
various expressions presented in Section A(b) remain valid for this case. When the initial
value of a pressurc pulse lies within the range 6h < p < 1h then the yield régimes C-E.
C-5,3-5and 4-5 may be used in order to describe the behavior in the shell zones 0 < x < u,,
g < x < upiy £ x <u,andu, < x < 1, respectively. The theoretical analysis is identical
to that outlined in Section A(c) except that the value of 4 is different to 4 since m,, is now
allowed to be negative. This gives a limit value p,, of p, which is higher than that permitted
by the two moment limited interaction yield criterion and may be determined from the
equations

por(l—e ¥)—p1, =0 (41a)
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and
PoLe ?—p,+18h = 0. (41b)

C. Uncoupled diamond yield condition
It was shown in Ref. [1] that

2Z
p, = 4h+ R 42)

is the exact static collapse pressure of a simply supported shallow shell made from a
material which obeys the uncoupled diamond yield condition illustrated in Fig. 2(c). If
the magnitude of a dynamic pressure pulse is not too large then the whole shell will deform
in the yield régime 3-5 which is the same as that used to obtain equation (42). The flow
rules and kinematic boundary conditions are the same as those in the corresponding
static problem so that the velocity field is

=0 and W= wy(l—x2) (43a,b)

where W, is a function of time.
The equilibrium equation (3a) when solved with the aid of ny+n, = —1 and (5) gives
Xs = pWo(2x2 —x*)/4—(p—Z)x?*/2. (44)

If equation (44) and my+m, = 1 are substituted into (3c) then
my = 3+ yWo(3x* —x*)/(24h)— (p— Z)x*/(8h). (45)
Now my = 0atx = I, or
YWo = 3(p—py)/2 (46)

which together with equations (5, 43a, 43b and 44) and the yield condition n,+n, = —1
allows (3b) to be integrated

ng = —%+Zx*{p—p,—8h—(p—p)x’}/16. 47
It is straightforward to show that the generalized stresses can be written in the form
my = 3+ P(x), my = —P(x) (482, b)
n,= —%+ZhP(x) and ny= —3—ZhP(x) (48c, d)
where
P(x) = {p—p,—8h—(p—p)x*}x*/(16h). (49)
If equation (4) is substituted into (46) then
PWo = 1:5{po(l —e™*)—pt} (50)
since w = 0 at 7 = 0. It is evident that motion ceases at T = 1, where
po(l—e"¥)—pz, = 0. (51)

The permanent displacement field from equations (43a, 43b, 50 and 51) is yv, = 0" and

yw, = 075(2pt, — ptf)(1 — x?) (52)
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while the total energy absorbed throughout deformation is
E, = 3nR*Nopt/(p— ps1;/2)/(4y). (53)

It can be shown that the above theoretical analysis is kinematically admissible. In
order for this solution to be also statically admissible it is necessary to ensure that the
generalized stresses are restricted to the ranges 0 <m, <1, 0<my <1, -1 <n, <0
and —1 < n, < 0. It is evident from equations (48a—d and 49) that these inequalities are
satisfied provided —1 < 2P(x) < 1, or

poe “—p,+8h =0 (54a)
for all values of p where 1, is given by (51) and

P < 16(1-5+/2)h (54b)
when

p = 8h

DYNAMIC BEHAVIOR OF SIMPLY SUPPORTED DEEP SPHERICAL SHELLS

The behavior of a simply supported deep spherical shell which is subjected to a dy-
namic pressure field which is described by equation (4) is examined in this section.
It is straightforward to show [e.g. 2, 4] that

€, = DCOt p—w, €y = 0¥ —W (55a,b)

Kg = —hcot ¢p(5+w*) (55¢)
and

Ky = —h(0+Ww*)* (55d)

while if a spherical shell is loaded only in the normal direction and rotary inertia is un-
important then

(ng+ny) sin ¢ + (s sin ¢)* + p sin ¢ = yWwsin ¢ (56a)
(ng sin @)* —n,y cos ¢ — s sin ¢ = yiisin ¢ (56b)

and
h{(mg sin ¢)* —m, cos ¢} = ssin ¢ (56¢)

according to the principle of virtual work.

Theoretical solutions which are based on the two moment limited interaction and
uncoupled square yield criteria are discussed in Sections A and B, respectively, while a
solution using the uncoupled diamond yield condition is presented in Section C.

A. Two moment limited interaction yield surface

Onat and Prager [5] have presented upper and lower bounds to the exact static collapse
pressure of a fully clamped spherical shell made from a material which obeys the Tresca
yield criterion, while Hodge [6] has derived an exact solution for both the simply supported
and fully clamped cases when using the two moment limited interaction yield surface.
Sankaranarayanan [4, 7] also employed the two moment limited interaction yield condition
in order to examine the dynamic plastic response of a simply supported spherical shell.
These results have been discussed in Ref. [2] wherein a limited series expansion of
Sankaranarayanan’s solutions were undertaken in order to provide more insight into the
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range of validity. An attempt was made to extend the range of validity of this solution by
including additional yield régimes but progress was impeded by the compiexity of the
algebra and the necessity of considering at least three yield régimes. Thus, further theoretical
investigations into the dynamic behavior of deep spherical shells were pursued by employing
the simpler yield conditions illustrated in Figs. 2(b) and 2(c).

B. Uncoupled square yield surface

It is straightforward to show when the equilibrium equations (56a—c) for static loading
are solved with the appropriate relations for the portion 4-5 of the yield surface illustrated
in Fig. 2(b) that
(-2

2hsin ¢

Thus, the static collapse pressure of a simply supported shell (m, = 0 at ¢ = a) is the same
as that derived by Hodge [6], while

p, = 2+4h{cosec a log(sec x+tan a)—1} ! (58)

m, =1 {log(sec ¢ +tan ¢)—sin ¢}. (57)

is the static collapse pressure of a fully clamped spherical shell with m, = —1 at ¢ = a.

A theoretical analysis of a simply supported spherical shell which is subjected to small
dynamic pressures is similar to the corresponding solution which was obtained by
Sankaranarayan [4] who employed a two moment limited interaction yield condition.
However, the maximum permitted value of p is now larger because m, can become —1 in
the yield régime 4-5.

C. Uncoupled diamond yield surface

If a spherical shell has a simply supported edge, then an exact solution for the static
collapse pressure can be obtained when using the yield régime 3-5 of Fig. 2(c), i.e.,

ng+n,= —1 and my+my = L. (59a, b)
The equilibrium equation (56a) can be integrated with the aid of (59a) to give
ssing = —(p—1)(1 —cos ¢) (60)
while equations (56¢) and (59b) yield

_ 1 (p=1)(L—cos ¢)
"¢ =27 2k (Itcosd) (61

Now my = 0 at ¢ = a, or from (61) the static collapse pressure is
ps = 1+hcot?(x/2) (62)

which reduces to equation (42) for a shallow shell provided a2 « 1 and the non-dimensional
variables are defined for a shallow shell. The solution of equation (56b) and equations
(59a, 59b and 61) can be expressed in the form

n, = —3—hF(¢), ny = —5+hF(¢) (63a,b)
my =3—F(¢) and m, =3+ F(¢) (63c, d)

where
F(¢) = 05 tan?(¢p/2) cot?(a/2). (64)
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Equation (62) is the exact static collapse pressure according to an uncoupled diamond
yield surface since the flow rule associated with equations (59a and 59b) requires

=0 and W= Wwy(cos¢p—cosa)(l—cosa) ! (65a, b)

which are kinematically admissible provided a < n/2, while equations (63a—d) are statically
admissible.

If the peak value (p,) of a dynamic pressure pulse, which is characterized by equation
(4), is slightly larger than the corresponding static collapse pressure (62), then an exact
solution can be obtained with the yield régime 3-5 of Fig. 2(c) which was used for the
simply supported static case. The flow rules and kinematical boundary conditions remain
unchanged so that the velocity yield (65a) and (65b) can again be employed for dynamic
loads. Equations (59a, 59b, 65a and 65b) may be substituted into the equilibrium equations
(56a) and (56c) which when integrated give

ssin ¢ = ywy(1 —cos a)™'{(sin? ¢)/2 —cos a(1 —cos ¢)} —(p— 1)(1 —cos ¢) (66)

and
m, = L+yWo(l —cosa)” (1 +cos @)~ ' {2—cos ¢ —cos® ¢ — 3 cos a1 —cos @)}/(6h)
—(p—1) (1 —cos ¢)(1+cos ¢)~ */(2h). (67)
Now my = 0 at ¢ = « so that equation (67) yields
?Wo = 3(p—p,)/2 (68)

where p, is defined by equation (62). If equation (4) is substituted into (68) and the result
integrated, then it is found that motion ceases at t = 7, where

Po(l—e_tf)‘“PsTf =0 (69)
while the final displacement field is v = 0 and
yw; = 3(p1, — pt}/2)(cos ¢ — cos a)(1 —cos a) ™ !/2. (70)

The total energy absorbed during the entire deformation can be expressed in the form
Ea = 3nR*N o(1—cos a)p,t,(p — ps1,/2)/(2y). (71)

It can be shown that the generalized stresses, which are obtained from the remaining
equilibrium equation (56b) together with (59a, 59b, 67 and 68), may be expressed in the
form

ng= —%—hF,  ny= —L+hF (72a,b)
my = %—F and m, = -—%‘f‘F (72¢,d)
where

Fo (14 cosa)(1—cos ¢) _(p—ps)(l—cos ¢)(cos ¢ —cos a)
"~ 2(1—cos a)(1+cos ¢) 4h(1 —cos a)(1 + cos ¢)

(73)

This solution is kinematically admissible provided a < /2 and is statically admissible
when -4 < F <4, or

p< 4h[1§r\/(1 +cos a)]*(1 —cos o)™ ! (74a)
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and
p,—poe ¥ < 4h(1 —cosa)” L. (74b)

If a shell is not very shallow it has been found that the inequality (74b) is much more
restrictive than (74a). Thus, the upper limit pg; of a statically admissible dynamic pressure
is given by the solution of the simultaneous equations (69) and (74b) with the inequality
replaced by an equality.

SUMMARY OF RESULTS

The theoretical predictions of the various rigid-plastic procedures, which are outlined
herein for the dynamic response of shallow and deep spherical shells loaded with an ex-
ponentially decaying pressure pulse, are presented in Figs. 3-8. These analyses are exact
for the yield criteria illustrated in Fig. 2 according to the limit theorems of plasticity.

A comparison is made in Fig. 3 between the static collapse pressure and the cor-
responding largest peak value (p,) of the external dynamic pressure which is permitted in
the theoretical analyses of shallow spherical shells with various 4 and made from materials
which obey the three yield criteria shown in Figs. 2(a}{(c). The maximum permanent
normal deflections of and energy absorbed by various simply supported shaliow shells
loaded dynamically are given in Figs. 4-7 for the same three yield conditions.

The static collapse pressure and upper limits of the peak values (pg) of the dynamic
pressure for simply supported deep spherical shells are shown in Figs. 8(a) and 8(b) for
h = 0-005 and h = 0-025, respectively.
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FIG. 4. Results for simply supported shallow shells which were loaded with exponentially decaying

dynamic pressure pulses. Two moment limited interaction yield condition. (a) Maximum permanent

normal deflections vs p, — p;. (b) Energy absorbed during deformation vs p, — p,. () Maximum permanent
normal deflections vs energy absorbed during deformation.
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F1G. 5. Results for simply supported shallow shells which were loaded with exponentially decaying
dynamic pressure pulses. Uncoupled diamond yield condition. (a) Maximum permanent normal deflec-
tions vs p, — p,. (b) Energy absorbed during deformation vs p, —p,.
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DISCUSSION AND CONCLUSIONS

It is interesting to observe in the theoretical analysis of a shallow shell, which is based
on the two moment limited interaction yield surface, that the meridional component of
the velocity field is of the order (Z/R) compared to the normal component. However, in
order for this analysis to be consistent, the meridional component cannot be neglected
since the approximation is made that (Z/R)? is negligible compared to unity. Nevertheless,
it is found that the meridional component of the velocity field is zero in an exact solution
of a shallow shell which was developed with the uncoupled diamond yield surface.

100
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Y %o
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40
20

F1G. 6. Maximum permanent normal displacement vs. u for simply supported shallow shells subjected
to an exponentially decaying pressure pulse with p, = 26h.
W,y  predictions according to yield surface in Fig. 2(a)
Wope predictions according to yield surface in Fig. 2(c) with p, adjusted to equal equation (6)
W,pr predictions according to the yield surface in Fig. 2(c) when it inscribes Fig. 2(a)
predictions according to the yield surface in Fig. 2(c} when it circumscribes Fig. 2(a)

The suggestions of Hodge and Paul [8] concerning the predictions of approximate yield
surfaces in dynamic plasticity are supported by the theoretical results for shallow shells
with p, = 26k, which are presented in Fig. 6. The theoretical predictions according to the
two moment limited interaction yield condition may be regarded as the most accurate
available. Thus, an analysis which was derived using an uncoupled diamond yield surface,
with the static collapse pressure adjusted to equal equation (6), gave the best agreement
with a theoretical procedure which was based on the yield condition illustrated in Fig. 2(a).
An analysis which was developed with an uncoupled diamond yield condition, which was
made to either inscribe or circumscribe the two moment limited interaction yield con-
dition, respectively gave upper and lower bounds to the maximum permanent defiections
which were predicted according to the yield surface in Fig. 2(a). The same remarks apply
to the total energy absorbed during deformation as indicated in Fig, 7.



758 N. T. IcH and NORMAN JONES

The validity of rigid perfectly plastic theoretical studies into the dynamic response of
structures has been discussed in Refs. [9 and 10] and in other citations quoted therein.
With reference to this particular article it appears from other experimental and theoretical
investigations into the dynamic plastic behavior of spherical shells [11] that, unlike beams
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F16. 7. Energy absorbed during deformation vs p for simply supported shallow shells subjected to an
exponentially decaying pressure pulse with p, = 26h. (E,y,, E,pp. E,p; and E,p, correspond to W,;.
Wope. Wopr and Wy, defined in Fig. 6.)

and plates, the influence of finite-displacements is not important, at least for maximum
normal displacements up to a few shell thicknesses.

It is evident that the uncoupled diamond yield condition simplified considerably the
theoretical investigations of both shaliow and deep spherical shells. However, several
attempts to extend the range of validity of these analyses by retaining additional yieid
regimes were unsuccessful. Therefore, it appears that exact solutions, even with approxi-
mate yield surfaces, are unlikely to be found for impulsive pressure loading or for spherical
shells with other boundary conditions.
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F1G. 8. Static collapse pressures of simply supported deep spherical shells and upper limits of the
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peak values of the dynamic pressures. (a) h = 0-005. (b} h = 0-025
static collapse pressures for yield surfaces in Figs. 2(a) and 2(b)
static collapse pressure for yield surface in Fig. 2(c)
upper limits of peak values of exponentially decaying dynamic pressures for yield
surfaces in Figs. 2(a) and 2(c), respectively
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A6crpakT—IIpearpuBuMMaeTcs TEOPETHUECKOE WMCCIENOBAHUE AMHAMHYECKOTO IUIACTHYECKOTrO MOBEOEHUA
¢BOGOIHO ONEPTHIX MIONOrUX U HU3KKX ChepHueckux 0600YeK, TOABEP)XEHHBIX JEHCTBHIO IKCIIOHEHIHAIIBHO
3aTYXaloIUX UMIIYIbCOB Aannenns. [peanonaraercs, 4To 060I0YKH H3TOTOBIEHbI U3 KECTKOTO, HAEANBHO
IUIaCTHYECKOTO MaTepuana. JaroTcs CTporue pellleHus I TPeX NMPUOIHIKEHHBIX YCIOBNH TEKY4eCTH.



